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Abstract
We correct the choice of cut-off function in our construction of center manifolds in [G. Faye and A.
Scheel, Trans. Amer. Math. Soc., 370 (2018), pp. 5843–5885]. The main result there establishes center
manifolds for systems of nonlinear functional equations posed on the real line with nonlocal coupling
through convolution operators. In the construction, we need to modify the nonlinearity such that it
maps spaces of exponentially growing functions into itself and possesses a small Lipschitz constant. The
cut-off function presented there is suitable for L∞-based construction but insufficient for the choice of
H
1-spaces. We correct this choice and demonstrate the effect on a pointwise superposition nonlinearity.
1 Construction of a cut-off operator in H1−η
In [2], we aim to carry out a contraction argument to obtain fixed points in spaces of functions H1−η(R,R
n),
allowing for exponential growth of functions at ±∞. In general, superposition operators do not map spaces
of growing functions into the same space. For example, the map u(·) 7→ u(·)2, H1−η(R,R) → H
1
−η(R,R)
is not defined at u(x) = exp(η|x|/2). One therefore needs to modify the nonlinearity outside of a small
ball in the function space where we obtain solutions. Such a cut-off is commonly performed by modifying
the nonlinearity outside a small neighborhood of the origin. In [2], we base our cut-off on a pointwise
modification, changing for instance the quadratic g : u 7→ u2 as a pointwise evaluation function such that
g(u) = u2 for |u| < δ and g(u) = 0 for |u| > 2δ, for some δ sufficiently small. This choice however does not
guarantee that the Lipschitz constant of g, acting as a superposition operator on H1 is small, a property
needed in the proof of the main argument there. To see this, choose u a sawtooth compactly supported on
[0, 1] with |u′| = 1/ε and |u| ≤ δ/2, and v = u + δ′ on the support of u. Then, for δ′ < δ/2, on the support
of u,
‖g(u)− g(v)‖H1 = ‖u
2 − (u+ δ′)2‖H1 ≥ 2δ
′‖u′‖L2 = 2δ
′/ε,
yielding a lower bound 2/ε on the Lipschitz constant.
As a consequence, the modification to the nonlinearity in [2] does not allow one to carry out the key
contraction argument in the proof. The cut-off would be appropriate in an L∞-based argument, which would
in addition require less smoothness in the nonlinearity. On the other hand, the key Fredholm argument for
the linear operator from [1] is only available for L2-based spaces at this point, thus necessitating a different
choice of cut-off that we shall introduce next.
We will use a cut-off operator χε that cuts off the nonlinearity outside of an ε-ball in H
1
u(R,R
n), the space
of functions in H1loc(R,R
n) with finite norm
‖u‖H1u = sup
y
‖u(· − y)‖H1([0,1],Rn).
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Note that H1u(R,R
n) ⊂ H1−η(R,R
n) for any η > 0. To construct the cut-off operator, let χ be a smooth
version of the characteristic function of [−1, 1], that is
χ(x) = 0, |x| > 2, χ(x) = 1, |x| < 1, 0 ≤ |χ′(x)| ≤ 2.
Next, let θ : R→ R be the smooth generator of a Z-invariant partition of unity on R, that is,
∑
j∈Z
θ(x− j) = 1, supp θ ⊂
(
−
1
4
,
5
4
)
, θ(x) ≥ 0, θ([0, 1]) ⊂
[
1
2
, 1
]
.
Note that ∫
y∈R
θ(x − y) dy =
∫ 1
y=0
∑
j∈Z
θ(x− j − y) dy =
∫ 1
y=0
1 dy = 1. (1)
Definition 1 (Cut-off operator). We define the cut-off operator
χ : H1−η(R,R
n)→ H1u(R,R
n) ⊂ H1−η(R,R
n), u 7→ χ(u),
through
[χ(u)](x) =
∫
y∈R
χ
(
‖θ(· − y)u(·)‖H1(R,Rn)
)
θ(x − y)u(x)dy.
We note that the integral can be understood as a Riemann integral with values in H1u since the integrand is
continuous (in fact smooth) in y with values in this space.
We collect some properties of χ.
Lemma 2 (Properties of the cut-off). Fix η > 0. There exist constants C0, C1, CL > 0 such that
(i) χ is well defined as a map from H1−η(R,R
n) into H1−η(R,R
n);
(ii) χ ◦ τy = τy ◦ χ, where (τyu)(x) = u(x− y);
(iii) χ(u) = u if u ∈ H1u and ‖u‖H1u < C0;
(iv) χ(u) ∈ H1u and ‖χ(u)‖H1u < C1.
(v) χ : H1−η(R,R
n)→ H1−η(R,R
n) is globally Lipschitz continuous with Lipschitz constant CL.
Proof. To see (i), we estimate
e−η|j|‖χ(u)‖H1([j,j+1],Rn) ≤
∫
y∈[j−2,j+2]
e−η|j|‖θ(· − y)u(·)‖H1([j,j+1],Rn) ≤ 4e
−η|j|‖u‖H1u ,
using that |χ| ≤ 1, supξ |θ(ξ)| ≤ 1, and that supp θ ⊂ (−
1
2 ,
3
2 ).
Next, (ii) is immediate from
[χ(u)](x− ξ) =
∫
y∈R
χ
(
‖θ(· − y)u(·)‖H1(R,Rn)
)
θ(x− y − ξ)u(x − ξ)dy
=
∫
y˜∈R
χ
(
‖θ(· − y˜ + ξ)u(·)‖H1(R,Rn)
)
θ(x − y˜)u(x− ξ)dy˜
=
∫
y˜∈R
χ
(
‖θ(· − y˜)u(· − ξ)‖H1(R,Rn)
)
θ(x − y˜)u(x− ξ)dy˜
= χ(u(· − ξ))(x),
where we used substitution y˜ = y + ξ in the second equality and translation invariance of the H1-norm in
the third equality.
2
Property (iii) follows after exploiting the fact that ‖θ(· − y)u(·)‖H1(R,Rn)‖ ≤ 3‖u‖H1u < 1 if we choose
C0 ≤ 1/3, hence
χ
(
‖θ(· − y)u(·)‖H1(R,Rn)
)
= 1,
which results in
χ(u) =
∫
y∈R
χ
(
‖θ(· − y)u(·)‖H1(R,Rn)
)
θ(x− y)u(x)dy
=
∫
y∈R
θ(x− y)u(x)dy = u(x),
where we used (1) in the last identity.
Similarly,
‖χ(u)‖H1([ξ,ξ+1],Rn) ≤
∫
y∈R
χ
(
‖θ(· − y)u(·)‖H1(R,Rn)
)
‖θ(· − y)u(·)‖H1([ξ,ξ+1],Rn)dy
≤
∫
y∈[ξ−2,ξ+2]
χ
(
‖θ(· − y)u(·)‖H1(R,Rn)
)
‖θ(· − y)u(·)‖H1(R,Rn)dy
≤ 8,
where the last inequality follows from the fact that χ(v)v ≤ 2.
The last estimate (v) is crucial and requires a bit more work. We use that
‖χ(u)‖2H1
−η(R,R
n) .
∑
j∈Z
e−2η|j|‖χ(u)‖2H1([j,j+1],Rn)
and estimate
e−η|j|‖χ(u)− χ(v)‖H1([j,j+1],Rn)
≤
∫
y∈[j−2,j+2]
e−η|j|
∥∥χ (‖θ(· − y)u(·)‖H1) θ(· − y)u(·)− χ (‖θ(· − y)v(·)‖H1 ) θ(· − y)v(·)∥∥H1([j,j+1],Rn) dy.
We estimate the integrand for fixed y, uniformly in y, which will yield the desired result. We may assume
that ‖θ(· − y)v(·)‖H1(R,Rn) < 2 since the integrand vanishes when both arguments of χ are larger than 2,
and possibly swapping the role of u and v. We further split∥∥χ (‖θ(· − y) u(·)‖H1) θ(· − y)u(·)− χ (‖θ(· − y)v(·)‖H1 ) θ(· − y)v(·)∥∥H1([j,j+1],Rn)
≤
∥∥χ (‖θ(· − y)u(·)‖H1) θ(· − y)u(·)− χ (‖θ(· − y)u(·)‖H1) θ(· − y)v(·)∥∥H1([j,j+1],Rn)
+
∥∥χ (‖θ(· − y)u(·)‖H1) θ(· − y)v(·)− χ (‖θ(· − y)v(·)‖H1) θ(· − y)v(·)∥∥H1([j,j+1],Rn)
= I + II.
The first term is easily estimated by
I ≤ ‖u− v‖H1([j−2,j+2]),
which, together with the exponential weight gives the desired Lipschitz estimate on this part.
The second term, using a Lipschitz estimate on norms and χ yields
II ≤
∣∣χ (‖θ(· − y)u(·)‖H1)− χ (‖θ(· − y)v(·)‖H1)∣∣ ‖θ(· − y)v(·)‖H1([j−2,j+2])
≤ C |‖θ(· − y)u(·)‖H1 − ‖θ(· − y)v(·)‖H1 | ‖θ(· − y)v(·)‖H1([j−2,j+2])
≤ C‖u− v‖H1([j−2,j+2])‖θ(· − y)v(·)‖H1([j−2,j+2]) (2)
as y ∈ [j − 2, j + 2].
Multiplying by the exponential weight and using the fact that ‖θ(· − y)v(·)‖H1(R,Rn) < 2, this again gives
the desired estimate.
3
Corollary 3 (Localized cutoff). The scaled cutoff
χε(u) := εχ(u/ε)
satisfies properties. More precisely, fix η > 0. There exist universal constants C0, C1, CL > 0 such that
(i) χε is well defined as a map from H
1
−η(R,R
n) into H1−η(R,R
n);
(ii) χε ◦ τy = τy ◦ χε, where (τyu)(x) = u(x− y);
(iii) χε(u) = u if u ∈ H
1
u and ‖u‖H1u < C0ε;
(iv) χε(u) ∈ H
1
u and ‖χ(u)‖H1u < C1ε.
(v) χε : H
1
−η(R,R
n)→ H1−η(R,R
n) is globally Lipschitz continuous with Lipschitz constant CL,
Proof. Most of the properties are immediately clear. The bound on the Lipschitz constant follows
immediately from the fact that the Lipschitz constant of compositions is bounded by the product of Lipschitz
constants, such that conjugation of a map by scaling does not increase the Lipschitz constant.
2 Necessary changes to hypotheses in [2]
We may now define the modified nonlinearity from [2] as
Fε(u) := F(χε(u)),
with χε from Corollary 3 in place of (2.4) from [2]. Hypothesis (H2) in [2] is modified by keeping (ii) and
(iii) and assuming in addition (3.6)(b). Note that this latter estimate can usually be verified by exploiting
that F is Lipschitz continuous on H1u in the topology of H
1
−η, that is,
‖F(u)−F(v)‖H1
−η
≤ L(‖u‖H1u , ‖v‖H1u )‖u− v‖H1
−η
.
Moreover, L(a, b) ≤ C(a + b) if the derivative of F vanishes. Therefore, composing F with χε, we find a
Lipschitz constant of order ε.
To be specific, we replace Hypothesis (H2) in [2] with the following assumptions.
Hypothesis (H2). We assume that there exists k ≥ 2 and η0 > 0 such that for all ǫ > 0, sufficiently
small, the following properties hold.
(i) Fε commutes with translations, Fε ◦ τξ = τξ ◦ F
ε for all ξ ∈ R;
(ii) F ǫ : H1−ζ(R,R
n) −→ H1−η(R,R
n) is C k for all nonnegative pairs (ζ, η) such that 0 < kζ < η < η0,
DjuF
ǫ(u) : (H1−ζ(R,R
n))j −→ H1−η(R,R
n) is bounded for 0 < jζ ≤ η < η0, 0 ≤ j ≤ k and Lipschitz in
u for 1 ≤ j ≤ k − 1;
(iii) F ǫ(0) = 0, DuF
ǫ(0) = 0 and, as ǫ→ 0, one has the estimate
δ1(ǫ) := LipH1
−η(R,R
n)(F
ǫ) = O(ǫ). (1)
Note that, as a consequence of the Lipschitz bound (1) and the fact that F ǫ(0) = 0, we readily obtain
δ0(ǫ) := sup
u∈H1
−η(R,R
n)
‖F ǫ(u)‖H1
−η(R,R
n) = O(ǫ
2). (2)
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Then, directly from our modified Hypothesis (H2), we deduce that the map Sǫ(u, u0) from (3.5) in [2] satisfies
the estimates
‖Sǫ(u, u0)‖H1
−η(R,R
n) ≤ C(η)
(
δ0(ǫ) + ‖u0‖H1
−η(R,R
n)
)
,
‖Sǫ(u, u0)− S
ǫ(v, u0)‖H1
−η(R,R
n) ≤ C(η)δ1(ǫ)‖u− v‖H1
−η(R,R
n),
for all u, v ∈ H1−η(R,R
n) and u0 ∈ E0.
Hypothesis (H2µ) also needs to be adapted according to the previous modifications, defining the parameter
dependent nonlinearity through
Fε(u, µ) := F(χε(u), µ).
Hypothesis (H2µ). We assume that there exists k ≥ 2 and η0 > 0 such that for all ǫ > 0, sufficiently
small, the following properties hold.
(i) Fε(·, µ) commutes with translations for all µ, Fε ◦ τξ = τξ ◦ F
ε for all ξ ∈ R;
(ii) F ǫ : H1−ζ(R,R
n)×Vµ −→ H
1
−η(R,R
n) is C k for some 0 ∈ Vµ ⊂ R
p and for all nonnegative pairs (ζ, η)
such that 0 < kζ < η < η0, D
j
uF
ǫ(u, µ) : (H1−ζ(R,R
n))j −→ H1−η(R,R
n) is bounded for 0 < jζ ≤ η <
η0, 0 ≤ j ≤ k and Lipschitz in u for 1 ≤ j ≤ k − 1 uniformly in µ ∈ Vµ;
(iii) F ǫ(0, 0) = 0, DuF
ǫ(0, 0) = 0 and, as ǫ→ 0 one has the estimates
δ1(ǫ) := LipH1
−η(R,R
n)×Vµ(F
ǫ) = O(ǫ + ‖µ‖). (3)
3 Verifying Hypothesis (H2) for the superposition operator u 7→ u2
We demonstrate that the new hypotheses can be verified for the simplest case of the quadratic superposition
operator F : u 7→ u2 which leads to Fε(u) := χε(u)
2. Adaptations for more general pointwise superposition
operators are straightforward, as are compositions with convolution operators.
Property (i) follows from the translation invariance property of the cutoff. Regarding (iii), clearly Fε(0) = 0.
We will discuss the vanishing derivative after establishing (ii). The estimates in (iii) can readily be verified
as follows. We have that
‖χε(u)
2‖H1
−η
. ‖χε(u)
2‖H1u . ‖χε(u)‖
2
H1u
. ǫ2,
using that χε maps into an ε-ball in H
1
u , which is an algebra. For the Lipschitz constant, we use that
|uv|H1
−η
≤ |u|H1u |v|H1
−η
:
‖χε(u)
2 − χε(v)
2‖H1
−η
≤ ‖χε(u) + χε(v)‖H1u‖χε(u)− χε(v)‖H1
−η
. ǫ‖χε(u)− χε(v)‖H1
−η
.
We now establish differentiability as stated in (ii), which roughly follows the usual arguments but is somewhat
lengthy because of the cumbersome expression for the cutoff operator. Let 0 < ζ < η and prove that
F ǫ : H1−ζ(R,R
n) −→ H1−η(R,R
n) is C 1. Higher differentiability can then be established in an analogous
fashion. It is sufficient to prove differentiability for ε = 1, given that the scaling operators are linear and
differentiable on any of the exponentially weighted spaces. We define the candidate for the derivative of
L(u) · v = 2χ(u)
(
χ1(u) · v
)
,
where
[
χ1(u) · v
]
(x) :=
(∫
y∈R
χ′ (ρy(u))Duρy(u)v θ(x − y)u(x)dy
)
+
∫
y∈R
χ (ρy(u)) θ(x − y)v(x)dy,
5
and we have set
ρy(u) := ‖θ(· − y)u(·)‖H1(R,Rn),
and
Duρy(u)v :=
〈
θ(· − y)u(·)
ρy(u)
, θ(· − y)v(·)
〉
.
We claim that
(A) L : H1−ζ(R,R
n) −→ B
(
H1−ζ(R,R
n), H1−η(R,R
n)
)
is continuous;
(B) L(u)v is the Gateaux derivative of F : H1−ζ(R,R
n) −→ H1−η(R,R
n) in the direction of v.
Both statements together imply Fre´chet differentiability of F .
To see (A), a direct calculation exploiting that χ′ = 0 unless ρy ∈ (1, 2) shows that
L(u) ∈ B
(
H1−ζ(R,R
n), H1−ζ(R,R
n)
)
⊂ B
(
H1−ζ(R,R
n), H1−η(R,R
n)
)
.
To prove continuity of L, we split
‖L(u1)v − L(u2)v‖H1
−η
. ‖(χ(u1)− χ(u2))χ
1(u1)v)‖H1
−η
+ ‖χ(u2)(χ
1(u1)− χ
1(u2))v‖H1
−η
=: I + II.
The first term can be estimated as follows. For δ = η − ζ > 0 small, we note that
‖(χ(u1)− χ(u2))χ
1(u1)v)‖H1
−η
≤ ‖(χ(u1)− χ(u2))‖H1
−δ
‖χ1(u1))v‖H1
−ζ
.
Let β ∈ (0, 1) such that 1 − βδ
ζ
> 0. Using the shorthand notation H1j = H
1([j − 2, j + 2],Rn), we can
estimate
‖χ(u1)− χ(u2)‖
2
H1
−δ
.
∑
j
(
e−δ|j|‖χ(u1)− χ(u2)‖H1j
)2
=
∑
j
(
e−2ζ|j|‖χ(u1)− χ(u2)‖
2
H1j
)βδ
ζ
e−2(1−β)δ|j|
(
‖χ(u1)− χ(u2)‖
2
H1j
)1− βδ
ζ
.
Next, using the boundedness of χ, we readily see that
(
‖χ(u1)− χ(u2)‖
2
H1j
)1− βδ
ζ
.
(
‖χ(u1)− χ(u2)‖
2
H1
ul
)1− βδ
ζ
≤ 22(1−
βδ
ζ ).
As a consequence, we obtain
‖χ(u1)− χ(u2)‖
2
H1
−δ
.
∑
j
(
e−2ζ|j|‖χ(u1)− χ(u2)‖
2
H1j
) βδ
ζ
e−2(1−β)δ|j|
.

∑
j
(
e−ζ|j|‖χ(u1)− χ(u2)‖H1j
)2
βδ
ζ

∑
j
e−2
(1−β)δζ
ζ−βδ
|j|


1− βδ
ζ
. ‖χ(u1)− χ(u2)‖
2 βδ
ζ
H1
−ζ
. ‖u1 − u2‖
2βδ
ζ
H1
−ζ
,
where we have used Ho¨lder’s inequality and Lipschitz continuity of χ in H1−ζ . Finally, we notice that χ
1(u1)
is a bounded linear operator
‖χ1(u1)v‖H1
−ζ
≤ ‖χ1(u1)‖B(H1
−ζ
,H1
−ζ
)‖v‖H1
−ζ
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for all u1 ∈ H
1
−ζ as from its definition we have
‖χ1(u1))v‖
2
H1
−ζ
.
∑
j
e−2δ|j|‖χ1(u1))v‖
2
H1([j,j+1],Rn)
.
∑
j
e−2δ|j|‖v‖2H1([j−3,j+3],Rn).
This further implies that ‖χ1(u1)‖B(H1
−ζ
,H1
−ζ
) is independent of u1 ∈ H
1
−ζ . We conclude that (I) gives Ho¨lder
continuity.
The second term (II) can be dealt with in a similar fashion. Inspecting the definition of χ1, we see that the
second summand
∫
y∈R
χ (ρy(u)) θ(x− y)v(x)dy can be treated in an identical fashion and it will be sufficient
to establish continuity of χ′ (ρy(u))Duρy(u)v in H
1
−η, uniformly in v ∈ H
1
−ζ , bounded. This can be seen
again by splitting up the product,
‖χ′ (ρy(u1))Duρy(u1)v−χ
′ (ρy(u2))Duρy(u2)v‖H1
−η
≤‖χ′ (ρy(u1))Duρy(u1)v − χ
′ (ρy(u2))Duρy(u1)v‖H1
−η
+ ‖χ′ (ρy(u2))Duρy(u1)v − χ
′ (ρy(u2))Duρy(u2)v‖H1
−η
=: (III) + (IV).
Since χ′ is supported in [1, 2], it is sufficient to verify this when ρy(u) ∈ [1, 2], which implies that Duρy(u)v is
Lipschitz and bounded in u and Ho¨lder continuity of (IV). On the other hand, (III) can be estimated using
(2) and the subsequent arguments for (I).
To see (B), we need to show that
‖F(u+ τv)−F(u)− τDuF(u)v‖H1
−η
= O(τ) for v ∈ H1−ζ .
This in turn follows immediately from differentiability of χ and the estimates for continuity of L(u) using
the fundamental theorem of calculus.
Lastly, the fact that DFε(0) = 0 follows immediately from L(0) = 0.
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